Mobile impurity atoms immersed in Bose-Einstein condensates provide a new platform for exploring Bose polarons. Recent experimental advances in the field of ultracold atoms make it possible to realize such systems with highly tunable microscopic parameters and to explore equilibrium and dynamical properties of polarons using a rich toolbox of atomic physics. In this paper we present a detailed theoretical analysis of Bose polarons in one dimensional systems of ultracold atoms. By combining a non-perturbative renormalization group approach with numerically exact diffusion Monte Carlo calculations we obtain not only detailed numerical results over a broad range of parameters but also qualitative understanding of different regimes of the system. We find that an accurate description of Bose polarons requires the inclusion of two-phonon scattering terms which go beyond the commonly used Fröhlich model. Furthermore we show that when the Bose gas is in the strongly interacting regime, one needs to include interactions between the phonon modes. We use several theoretical approaches to calculate the polaron energy and its effective mass. The former can be measured using radio-frequency spectroscopy and the latter can be studied experimentally using impurity oscillations in a harmonic trapping potential. We compare our theoretical results for the effective mass to the experiments by Catani et al. [PRA 85, 023623 (2012)]. In the weak-to-intermediate coupling regimes we obtain excellent quantitative agreement between theory and experiment, without any free fitting parameter. We supplement our analysis by full dynamical simulations of polaron oscillations in a shallow trapping potential. We also use our renormalization group approach to analyze the full phase diagram and identify regions that support repulsive and attractive polarons, as well as multi-particle bound states.
I. INTRODUCTION
When a mobile particle interacts with a surrounding bath of bosons, it becomes dressed by a cloud of excitations and forms a polaron [1, 2] . As a result many of its properties, like the effective mass, are strongly modified compared to those of the bare particle. Impurity atoms immersed in a Bose gas provide a promising new platform for studying the long standing polaron problem. Advantages of such systems include the tunability of both interactions [3] [4] [5] and the single particle dispersion [6] . For example, both impurity and host atoms can be realized in a quasi one-dimensional (1D) geometry. This situation was realized experimentally by the Florence group [7] and will be considered throughout this paper. Recent experiments also demonstrated the existence of strongly coupled Bose polarons in one [7] and three dimensional systems [8, 9] .
Numerous theoretical works have addressed the problem of a mobile impurity in an ultracold quantum gas, see Refs. [10, 11] for reviews. However, they were either based on an effective Fröhlich Hamiltonian to describe the polaron [5, [12] [13] [14] [15] [16] [17] [18] [19] or used truncated wave functions with only a few excitations [20, 21] . Notable exceptions include a third-order perturbative treatment of the problem [22] , a self-consistent T-matrix calculation [23] , a mean-field (MF) analysis beyond the Fröhlich Hamiltonian [24] , diffusion Monte Carlo calculations based on the full microscopic Hamiltonian [25, 26] and approximate analytical descriptions [27, 28] . Recently Virial expansion techniques have also been used to study spectra of Bose polarons [29] and a flow-equation approach has been applied to the problem [28] .
A number of important questions remain open and a complete theoretical understanding of Bose polarons at arbitrary couplings is lacking. Most strikingly, the phase diagram in the strongly interacting regime is still a subject of debate. In this paper we focus on a system where both the impurity and the Bose gas are constrained to one dimension. When the impurity is interacting with only a single boson, a two-particle bound state exists already for infinitesimal attractive interactions. If the mass of the impurity is infinite and multiple bosons without mutual interactions are considered, this gives rise to an infinite series of multi-particle bound states. The fate of these many-body eigenstates in a regime where the impurity is mobile and the Bose gas is interacting, is unclear. A related question concerns the regimes of validity of different effective polaron models, including the celebrated Fröhlich Hamiltonian.
In two and three dimensional systems, the MF approach [24] is a convenient theoretical tool that can be used to study models beyond the simplified Fröhlich Hamiltonian. It is a non-perturbative method which includes strong correlations between the phonons and the impurity, whereas phonon-phonon correlations are neglected. For example, one can include two phonon scattering terms that are crucial for the accurate description of few-body aspects of the system including the existence of bound states between the impurity and host bosons [24, 25] . The spectral function of the impurity in three dimensional systems obtained using the MF approach [24] was in good agreement with experimental re- 
FIG. 1. Strongly coupled polarons in one dimension: (a)
System sketch: we consider the problem of a mobile impurity interacting with a quasi-one dimensional Bose gas. We perform calculations based on various theoretical methods, including a RG approach and diffusion Monte Carlo (DMC) calculations. (b) Deep in the Bogoliubov regime the RG method yields accurate results for the density profile of bosons around the impurity (i.e. the impurity-boson correlation function) even for strong impurity-boson interactions. Importantly the RG improves predictions by simpler mean-field (MF) calculations based on an ansatz of uncorrelated phonons. Here we used a ratio of impurity-boson to boson-boson interaction strengths of η = 1000 (very strong repulsion) and considered the case of high density with n0|aBB| = 144, where n0 is the density of the Bose gas and aBB the one-dimensional boson-boson scattering length. (c) We also calculate the effective polaron mass Mp and compare our results to experimental measurements by Catani et al. [7] . In the weak-to-intermediate coupling regimes we obtain excellent quantitative agreement between theory and experiment, without any free fitting parameters.
sults [8, 9] . The applicability of the MF approach to 1D systems has not been clarified yet. One of the indications that 1D systems are special is the unphysical logarithmic infrared divergence of the polaron energy, which is absent in higher dimensions. The physical origin of this divergence is the enhanced role of quantum fluctuations in 1D systems. These are essentially the same fluctuations that are responsible for the absence of true BoseEinstein condensation in homogeneous 1D systems even at zero temperature [30, 31] . Theoretical issues raised above provide a considerable challenge for quantitative analysis of the experiment [7] , where 1D Bose polarons have been realized at strong couplings for the first time. In fact, even in the weak coupling regime, the agreement of the measured effective polaron mass with earlier theoretical calculations based on the effective Fröhlich Hamiltonian has not been satisfactory. In order to obtain quantitative agreement, the impurityboson coupling had to be multiplied by a factor of 3.15 in Ref. [7] . Moreover, at stronger couplings a saturation of the effective mass has been observed [7] , which lacked theoretical explanation so far.
Most of the earlier theoretical work focused on equilibrium properties of polarons. The experiments with polarons that have been carried out in 1D quantum gases so far, including measurements by Catani et al. [7] , all probed non-equilibrium impurity dynamics [32, 33] . Thus theoretical analysis has to study not only strongly interacting systems, but also understand its dynamical properties and their connection to equilibrium quantities. This provides an additional challenge, since most of the standard tools, such as Monte-Carlo methods, are not applicable. First steps in this direction have been taken in Refs. [34] [35] [36] [37] [38] .
In this paper we address the questions raised above and provide a detailed theoretical analysis of the Bose polaron problem in one dimension. We consider a mobile impurity of mass M interacting with a 1D Bose gas, see Fig. 1(a) . We then compare our theoretical methods, which leads us to an understanding of which terms in the microscopic Hamiltonian contribute most to the polaron properties. As an example, in Fig. 1(b) we show that the depletion of the Bose gas around the impurity can be described accurately by a semi-analytical renormalization-group (RG) approach [16, 39, 40] when the Bose gas is deep in the Bogoliubov regime. Moreover, we use our theoretical methods to analyze the experiment by Catani et al. [7] in detail. In particular we calculate the effective polaron mass. In the weak-to-intermediate coupling regimes we obtain excellent agreement with the experimental data, see Fig. 1 (c). Our results moreover provide an important test case for theories of Bose polarons at strong couplings, applicable also in higher dimensions [40] .
A special feature of our work is the comparison of analytical analysis with numerical calculations starting from the full microscopic Hamiltonian and based on the diffusion Monte Carlo (DMC) method [41] [42] [43] , supplemented by variational Monte Carlo (VMC) calculations. In addition we present results from time-dependent MF simulations, following Refs. [24, 44] , to study impurity dynamics.
Our paper is organized as follows. After briefly summarizing our main results in the following section, we For weak impurity-boson interactions η an impurity in a Bose gas can be described by the Fröhlich Hamiltonian. For strong interactions, two-phonon terms beyond the Fröhlich model have to be included. For strongly interacting bosons, γ 1 where γ = 2/n0|aBB| is the dimensionless interaction strength of the Bose gas [6] , the Bogoliubov approximation breaks down and phonon-phonon interactions also have to be included. For weakly interacting bosons, γ 1, we identify a regime where the Bogoliubov approximation for the Bose gas is justified (beyond Fröhlich regime).
introduce the model in Sec. III. In Sec. IV we consider the weak coupling limit and compare our calculations to the experimental data from Ref. [7] . We discuss the effect of two-phonon terms in Sec. V. A detailed RG analysis is presented in Appendix B, from which we derive the polaron phase diagram. In Sec. VI a time-dependent MF theory is applied to analyze polaron dynamics as in the experiment by Catani et al. Section VII is devoted to a discussion of phonon-phonon interactions in the polaron cloud. The variational and diffusion Monte Carlo methods are presented in Sec. VII A. We close with a summary and an outlook in Sec. VIII.
II. SUMMARY OF RESULTS
Bose polarons have been commonly investigated theoretically using an effective Fröhlich HamiltonianĤ F [5, 7, 14] . This is justified for weak interactions between the impurity and bath particles, see Fig. 2 . In the present work we show that in this regime, the effective Fröhlich model describes accurately the experimental results for the effective mass [7] , without any free fitting parameter. We point out the importance of high-energy phonons (at momenta of the order of the inverse healing length ξ), which have not been treated accurately in the previous analysis of the experimental data [7, 35, 36] . When the Bose gas is weakly interacting, we find a regime where perturbative treatments of impurity-phonon interactions [25, 26] fail. The Fröhlich model is still valid for these parameters however.
For stronger impurity-boson interactions, the Fröhlich Hamiltonian is no longer sufficient and two-phonon processesĤ 2ph (see Eq. (8) for details) have to be included to describe the depletion of the condensate correctly [23] , allowing also for molecular states [23, 24, 40] . To solve the extended polaron Hamiltonian, we first use MF theory in the spirit of Ref. [24] and show that it predicts a logarithmic divergence of the polaron energy with the infrared momentum cut-off. The divergence can be regularized by a more accurate RG calculation, which we benchmark in 1D by comparing to our numerically exact DMC results. For large boson densities, corresponding to a regime where the Bogoliubov approximation can be used to describe the Bose gas, we find good agreement of the RG with exact DMC predictions, see Fig. 1 (b) .
Due to the presence of the two-phonon terms, the MF and RG approaches predict a saturation of the effective polaron mass to a large but constant value for strong interactions with the impurity, see Fig. 1 (c) . This effect can be understood as a shift of the position of the impurity-boson Feshbach resonance to the attractive side (η < 0 in Fig. 1 (c) ) due to the interactions with the surrounding Bose gas. We note that at the Feshbach resonance the interaction strength diverges and the polaron mass becomes infinite [45] . This can be understood by considering a finite-size system of N bosons with hardcore interactions with the impurity. Because the bosons cannot penetrate the impurity, the latter can only move together with the bosons. Hence the polaron mass is proportional to N and diverges in the thermodynamic limit.
Qualitatively, a saturation of the polaron mass at strong impurity-boson interactions has been observed experimentally [7] using breathing oscillations of the impurity in a harmonic trap. To analyze these measurements further, we perform full dynamical simulations of the polaron trajectory using time-dependent MF theory [24, 44] . Our calculations show that while the impurity oscillations provide a powerful tool to determine the effective polaron mass, the accuracy can be limited by the inhomogeneity of the Bose gas, in particular for strong interactions.
When the boson density n 0 becomes small, the Bogoliubov theory of the interacting Bose gas breaks down. In this regime phonon-phonon interactions described bŷ H ph−ph (see Eq. (11) for details) have to be included for a valid description of the polaron, see Fig. 2 . From the comparison of our most reliable DMC calculations (includingĤ ph−ph ) with RG predictions (withoutĤ ph−ph ) we find that phonon-phonon interactions always need to be included to obtain quantitative agreement for the polaron energy and mass.
From the comparison of our DMC and RG calculations, we also conclude that the experiment by Catani et al. [7] has been performed in a regime where all terms in the Hamiltonian (Ĥ F ,Ĥ 2ph andĤ ph−ph ) are relevant. In particular the interactions between Bogoliubov phonons in the bath already play a role. Moreover our simulations of polaron dynamics suggest that the inhomogeneity of the Bose gas should be included when analyzing results of the experiment. We point out how additional experiments can shed new light on the physics of strongly coupled Bose polarons in one dimension.
III. MODEL
Our starting point is a single impurity interacting with a Bose gas in one dimension, see Fig. 1 (a) . The bosons also have mutual interactions. This situation can be described by the following microscopic Hamiltonian,
whereφ(x) stands for the Bose field operator,ψ(x) is the impurity field and = 1. The boson (impurity) mass is m B (M ) and g BB (g IB ) denote the boson-boson and impurity-boson coupling constants respectively. We assume that only a single impurity is present in the homogeneous Bose gas with density n 0 . Experimentally this corresponds to a situation with sufficiently low impurity concentration, ideally with less than one impurity per healing length ξ.
The ground state of this Hamiltonian can be calculated efficiently for up to N 200 bosons by means of the DMC method. We provide the technical details of this approach in Sec. VII A, although we compare to DMC results in earlier sections.
A. Polaron description
To arrive at a polaron description of the impurity problem described above, we express the boson field operator φ(x) in terms of Bogoliubov phononsâ k [5, 10, 11, 46] . To this end we write the Fourier componentsφ k = (2π) −1/2 dx e ikxφ (x) aŝ
where θ k is chosen as in the usual Bogoliubov theory for a weakly interacting Bose gas [47] ,
Here the Bogoliubov dispersion is given by
where c = g BB n 0 /m B and ξ = 1/ √ 2m B g BB n 0 are the speed of sound and the healing length in the limit of weak interactions.
So far we have only applied a basis transformation, allowing us to express the Bose fieldφ(x) in terms of Bogoliubov phononsâ k . Thereby the Hamiltonian in Eq. (1) can be written aŝ
without any approximation. The first term corresponds to the effective Fröhlich Hamiltonian,
Herep andx denote the momentum and position operators of the impurity in first quantization. The scattering amplitude is given by [5, 11] 
The second term,Ĥ 2ph , describes two-phonon scattering processes [23, 24] and readŝ
The two terms above,Ĥ F andĤ 2ph , provide an accurate model for the polaron problem when the Bose gas can be treated within Bogoliubov theory. This mean-field description of the interacting bosons assumes a macroscopic occupation of the condensate which is absent in one dimension [30, 31] . As pointed out by Lieb and Liniger [48, 49] , some quantities including the total energy can nevertheless be calculated accurately using Bogoliubov theory in the regime of weak interactions. This is the case when the dimensionless coupling strength γ 2 is sufficiently small [48] , where
and the 1D boson-boson s-wave scattering length is given by the relation
In contrast, for strong interactions g BB or small densities n 0 , when γ 2 is large, the Bogoliubov description of the Bose gas breaks down. In this case additional interactions between the Bogoliubov phononsâ k have to be included, which we summarize inĤ ph−ph . These terms are of orderĤ
but do not involve impurity operators. Since we do not need the expression forĤ ph−ph in terms of Bogoliubov phonons in the following, we will not write them out explicitly. The terms in Hamiltonian (5) give rise to different physical regimes of the Bose polaron. For small g IB , the ground state corresponds to a free impurity and phonon contributions are negligible. In this regime the polaron energy is determined by g IB n 0 , sometimes referred to as the mean-field shift. For stronger couplings states with one phonon need to be included, which has been done systematically by using perturbation theory in Refs. [25, 26] . This approach is valid when γ 1 and
Beyond this coupling strength multi-phonon states need to be added in the ground state wavefunction to describe correctly the polaron energy its effective mass [16, 44] . To go beyond the Fröhlich model, two-phonon terms need to be included in the Hamiltonian [23, 24] , see Fig. 2 . When the polaron cloud contains many phonons and bosonboson interactions become large, their interactions need to be taken into account as well. On a mean-field level this can be done by using the Gross-Pitaevskii equation, see Sec. VII B for a discussion.
B. Experimental considerations
Quasi-1D Bose gases have been realized in several experiments (see Ref. [50] for a review). Mobile impurities can be realized by using a second atomic level, as in the recent experimental observation of Bose polarons in a 3D Bose-Einstein condensate [9] . Alternatively a second atomic species can be added, as has been demonstrated in Refs. [7, 8, 51, 52] .
In this paper we analyze the experimental results from Ref. [7] . We use the dimensionless parameter η = g IB /g BB (13) introduced therein to quantify the interaction strength between impurity and boson with respect to the fixed strength of interactions in the bath. The mass ratio in the experiment was M/m B = 41/87 = 0.47 and for n 0 we use the peak density of the Bose gas, which was estimated to be n 0 = 7/µm in Ref. [7] . The coupling constant in the bath is taken equal to g BB = 2.36 × 10 −37 Jm as in Ref. [7] .
Using Bogoliubov theory this yields the following estimates for the healing length, ξ = 0.15µm and the speed of sound, c = 3.38mm/s. Using ξ as a unit of length yields n 0 ξ = 1.05. A characteristic energy can be defined by c/ξ = 3.6 × 2πkHz. Another important length scale is the 1D boson-boson scattering length a BB = −3.6µm, see Eq. (10) . The speed of sound calculated from the Bethe ansatz [48, 49] at γ = 2/(n 0 a BB ) = 0.438, see Eq. (9), equals to c = 3.20mm/s so that the contribution of quantum fluctuations is about 5%. In order to avoid a possible issue which value (Bogoliubov theory or Bethe ansatz) is used, we take the healing length ξ as a unit of length for comparison with the MF theory and a BB for the comparison with Monte Carlo results.
The temperature of the Bose gas T = 350(50)nK measured in the experiment corresponds to k B T ≈ 2c/ξ.
The transverse confinement frequency of the bosons (the impurity) stated in Ref. [7] corresponds to ω ⊥ ≈ 9.4 (12.5)c/ξ and justifies a description as a 1D system.
IV. WEAK COUPLING LIMIT: THE FRÖHLICH MODEL
We start by discussing the weak coupling limit where exact analytical results can be obtained within the Fröhlich model. This enables a direct comparison between theory and experiment and moreover provides an important benchmark for subsequent analysis of the strong coupling regime.
Experimental studies by Catani et al. [7] included an indirect measurement of the effective polaron mass M p for various values of the interaction strength η. The latter was tuned using a Feshbach resonance. The value of M p was extracted from observations of breathing oscillations of the impurity interacting with the trapped Bose gas. The amplitude σ of such oscillations is renormalized by a factor of M/M p . This can be understood by considering an initially localized cloud of impurity atoms as in the experiment of Ref. [7] , with average kinetic energy p 2 /2M . When the impurities are released their momentum distribution is adiabatically mapped to an identical distribution of polaron momenta. The resulting kinetic energy p 2 /2M p of polarons is subsequently converted into potential energy M Ω 2 I σ 2 /2 of the expanded atoms in a harmonic potential with trapping frequency Ω I . The amplitude σ thus provides a measure of the polaron mass, σ = σ 0 M/M p where σ 0 corresponds to non-interacting impurities. For a more detailed discussion see Ref. [7] and Sec. VI below.
In Fig. 3 we compare experimental results for the effective polaron mass M p with predictions of our own numerical calculations. Before presenting a detailed technical analysis, we note that our data from four different theoretical methods show good agreement with the experimental results in the weak-to-intermediate coupling regimes. This is true for both repulsive and attractive interactions, without any free fitting parameter.
In their original analysis of the experiment, Catani and co-workers [7] performed numerical calculations starting from an effective Fröhlich HamiltonianĤ F (defined in Sec. IV A) which they derived using bosonization techniques [53] . Then they applied Feynman's variational path integral method [54] to obtain the effective polaron mass within this model. Surprisingly, their prediction (thick purple line in Fig. 3 ) showed appreciable disagreement with experimental results. Thus, either the evaluation of the polaron mass within the effective model was inaccurate, or the effective model itself is insufficient. To clarify, we provide the answers to the following questions before explaining them in detail below. [7] , obtained from an indirect measurement of M/Mp (for details see Ref. [7] and discussion below). The solid purple theoretical curve (Feynman, exponential cut-off) was also taken from Ref. [7] and corresponds to calculations based on Feynman's variational path integral approach, using the effective Fröhlich HamiltonianĤ F defined by Eqs. (14), (15) . Other theoretical curves are obtained from our own calculations, based on the Hamiltonians indicated in the legend. The shaded area on the attractive side corresponds to the regime where the RG (assuming the HamiltonianĤBF =ĤF +Ĥ 2ph ) breaks down. DMC calculations were performed for N = 50 particles and we checked that finite-size corrections are small.
intermediate coupling strengths η if the impurity is light [16] [17] [18] . Is this method accurate for solving the effective Fröhlich modelĤ F for the experimental parameters? -We will show that Feynman's approach is accurate in the regime considered here.
(ii) To calculate the polaronic mass shift from Feynman's approach applied to the effective Fröhlich modelĤ F , Catani et al. [7] used an estimate based on variational parameters instead of a full evaluation of the Green's function. This approximation can lead to sizable errors for polarons in ultracold quantum gases [14, 16] . Does the estimate work for the Fröhlich modelĤ F for the experimentally relevant parameters? -The estimate leads to sizable deviations from the value of the effective polaron mass expected from the Fröhlich HamiltonianĤ F . Nevertheless this effect is not sufficient to fully explain the disagreement with the experiment.
(iii) The Fröhlich model is only applicable for sufficiently weak impurity-boson interactions. Where does this approximation break down? -For |η| 3, given the parameters form the experiment [7] , a description in terms of a Fröhlich Hamiltonian leads to quantitatively correct description.
(iv) The effective Fröhlich HamiltonianĤ F derived from bosonization differs fromĤ F obtained from Bogoliubov theory in the way how the UV regularization is performed. Does this explain the disagreement between theory and experiment? -In the 1D polaron cloud, phonons from all energies contribute to polaronic dressing and have strong effect on the polaron energy, effective mass, and dynamics. Therefore the polaron properties are sensitive to the details of the UV regularization. This causes the large deviations between earlier theoretical calculations based onĤ F and the experiment shown in Fig. 3 .
A. UV regularization of the Fröhlich model
The effective Fröhlich Hamiltonian derived from Bogoliubov theory, see Eqs. (4), (6) and (7), does not require any UV regularization in one dimension and we can simply set the UV cut-off Λ 0 = ∞. At momenta k 1/ξ the Bogoliubov dispersion becomes quadratic, ω k k 2 /2m B , making all quantities (the effective mass, the polaron energy, etc.) well behaved.
On the other hand, bosonization can be used to derive an effective Fröhlich Hamiltonian [7] for the impurity. It describes the interaction of the impurity with the Luttinger liquid formed by the 1D Bose gas [50, 53] . At long wavelengths, or low energies, the resulting Fröhlich HamiltonianĤ F has the same asymptotic form asĤ F in Eq. (6) which was derived from Bogoliubov theory. This provides additional evidence that the use of the Bogoliubov theory for treating the 1D Bose gas is justified.
The Fröhlich HamiltonianĤ F is obtained from Eq. (6) by replacing ω k and V k with different expressions ω k and V k , respectively. The bosonization approach relies on a linear phonon dispersion,
and determines the scattering amplitude V k at small k (long wavelengths). Its ultraviolet (UV) cut-off, required for regularization of the model, is commonly represented by an exponential decay at a characteristic scale k c [7] which is usually taken to be k c ∼ 1/ξ,
The dimensionless Luttinger parameter K can be determined from Bethe-ansatz calculations. It is given by the ratio of the Fermi velocity v F = πn 0 /m B and the speed of sound c,
By using Eq. (16) one confirms that the asymptotic behaviors of V k (ω k ) and V k (ω k ) in the infrared (IR) limit k 1/ξ are identical. For weakly interacting bosons, where the gas parameter γ 1, see Eq. (9), is small, Bogoliubov theory provides an accurate value for the speed of sound as c = g BB n 0 /m B . For a strongly interacting bath (Tonks-Girardeau regime), the speed of sound equals to the Fermi velocity, c = v F . For intermediate interactions, Bethe ansatz can be used to obtain the speed of sound c and Luttinger parameter K.
The main difference between the bosonization approach and Bogoliubov theory is in the treatment of phonons at high energies. In many transport and dynamic phenomena in 1D systems the main contributions come from the longest wavelength excitations [53] and the results are insensitive to the UV cut-off. In this spirit, Ref. [7] focused on low-energy phonons and introduced the exponential cut-off at k c in Eq. (15) by hand. In the Bogoliubov theory, on the other hand, the phonon dispersion ω k becomes non-linear for k 1/ξ, providing a natural UV cut-off scale in the model.
To obtain reasonable results from the effective Fröhlich HamiltonianĤ F , the momentum cut-off k c has to be of the order 1/ξ. Even for this choice the properties of UV phonons at momenta around k ∼ 1/ξ differ in the two modelsĤ F andĤ F . As has been shown by a dimensional analysis in Refs. [16, 40] , the high-energy modes with k ∼ 1/ξ play a crucial role in determining properties of the Bose polaron. Therefore we expect that there can be sizable quantitative differences between predictions by the two polaron Hamiltonians.
In Fig. 3 we calculate the polaron mass M p starting from the Fröhlich modelĤ F and using Feynman's variational path integral formalism [5, 14, 54] (purple dasheddotted line in the figure). The same calculation was performed in Ref. [7] , but using the modelĤ F with an exponential UV cut-off (purple solid line in the figure). Surprisingly, the Bogoliubov theory predicts a polaron mass which is about a factor of two larger than expected from assuming an exponential UV cut-off. This also explains the large deviations between the experimental data and theory based onĤ F .
B. Validity of the Fröhlich model
The Fröhlich model is only valid when two-phonon processes can be ignored. This is the case when the depletion of the quasi-1D condensate is small, justifying also the assumption that phonon-phonon interactions cannot modify the polaron cloud substantially in this regime.
To derive an estimate when the Fröhlich model is accurate, we apply standard MF theory [10, 13, 55] (see also Sec. V A) to the combined HamiltonianĤ F +Ĥ 2ph . In Appendix A we derive for the phonon number in the polaron cloud,
Here we assumed that the total momentum carried by the polaron vanishes, p = 0. The result in Eq. (17) is similar to the expression from the Fröhlich model, which is obtained by setting β MF = 1. When two-phonon terms are included, we obtain
Therefore the depletion of the quasi-1D condensate can be described accurately by the Fröhlich Hamiltonian provided that β MF 1. This yields the condition
for the validity ofĤ F . The integral can be estimated as
As indicated in Fig. 2 , the border of the weak coupling region scales as η c ∼ n 0 |a BB |.
For the experimental parameters of Ref. [7] , the critical coupling strength where the Fröhlich model breaks down is given by η c ≈ 6. Indeed, from Fig. 3 we see that theoretical calculations based on the Fröhlich Hamiltonian only describe the experimental data for η 3, and the deviations become large around η c .
Condition (20) provides an estimate when the Fröhlich Hamiltonian is valid. Note that this is different from condition (12) which describes in which regime the lowestorder perturbation theory in boson-boson and impurityboson interactions is valid. Comparison of the two expressions shows that there exists a parameter regime at large n 0 |a BB | and η < η c where the Fröhlich model is valid but has to be solved non-perturbatively.
C. Feynman variational approach to the Fröhlich model
In Refs. [16] [17] [18] the validity of Feynman's variational path integral description of Fröhlich polarons has been questioned. When the impurity mass is small and interactions are moderate, a new regime has been identified where the correlations between phonons in the polaron cloud become important. Because Feynman's method merely interpolates between the two extremes of weak and strong coupling [56] , it cannot capture the physics accurately in this situation.
In the Florence experiment [7] the impurity mass is a factor of two smaller than the boson mass; It is then natural to ask how accurate Feynman's approach works in this case. To answer this question we compare predictions by the RG introduced in Ref. [16] to Feynman's variational path integral method, see Fig. 4 . Note that we only consider the Fröhlich HamiltoniansĤ F andĤ F in this figure. For the sake of comparison we also present results at strong couplings, beyond the critical value η c where the Fröhlich model is not sufficient anymore.
To extract the effective polaron mass M p , Feynman suggested a simple estimate where one of his variational parameters serves as a direct approximation for the mass renormalization δM = M p − M . In addition he derived a more accurate expression for the polaronic mass enhancement from the imaginary-time Green's function, see Refs. [5, 11, 14, 54] for details. As can be seen from Fig. 4 , the estimated polaron mass has a large relative error, in particular in the regime of weak interactions.
The accurate expression for the polaron mass determined from the imaginary-time Green's function agrees remarkably well with our RG calculation. Only for intermediate couplings, small differences between the two methods can be observed. For weak and strong couplings both predictions coincide exactly. We conclude that Feynman's ansatz provides an accurate description of Fröhlich polarons in the experiment by Catani et al. [7] when the Fröhlich HamiltonianĤ F is used.
V. STRONG COUPLING: EFFECTS OF TWO-PHONON TERMS
When the coupling η ≈ η c becomes too large, the Fröhlich model is no longer valid. In the following we will analyze the effect of two-phonon scattering termŝ H 2ph which modify the properties of the polaron in this regime [23] . We consider the beyond-Fröhlich Hamiltonian defined byĤ
We compare our theoretical predictions based onĤ BF with results for the full microscopic modelĤ obtained by Monte Carlo simulation.
A. MF theory
We start by highlighting some of the polaron properties specific to 1D systems, using MF formalism discussed in Ref. [24] . The formalism for 1D Bose polarons is presented in Appendix A. In short, firstly one utilizes conservation of the total momentum p by applying the unitary transformationÛ LLP introduced by Lee, Low and Pines [55] . This transforms the original HamiltonianĤ BF into the new one,H BF =Û LLPĤBFÛ † LLP . Next, a product wave function of coherent phonon states is assumed to describe the ground state ofH BF . This means that the polaron state can be written as
To find the minimum variational energy
The total phonon momentum P MF ph = dk k|α MF k | 2 and β MF have to be determined self-consistently. The MF variational polaron energy is given by
(24) Note that MF calculations go beyond a straightforward perturbative treatment of impurity-boson interactions as presented e.g. in Ref. [26] .
Effective polaron mass.-The effective mass of the polaron, M p , can be obtained from the momentum dependence of the MF polaron energy. As discussed e.g. in Ref. [11] , one finds
In Fig. 3 we compare the MF effective polaron mass M p (dashed line) to the experimental results. At large repulsive couplings around η ≈ η c we find a saturation of M p at some large but finite value. Qualitatively, a similar saturation of the polaron mass has been observed in the measurements by Catani et al. [7] , although it remains unclear how reliable the utilized measurement procedure is at strong couplings, see Sec. VI D for a discussion. Our most reliable DMC simulations in finite-size systems also show a saturation of the effective polaron mass at strong interactions g IB g BB , see Fig. 3 . The saturated value M p (η → ∞) is substantially smaller than the result expected from MF theory. In addition, from finite-size scaling we find that the DMC results are consistent with an infinite polaron mass in the thermodynamic limit. Indeed, based on the microscopic model Hamiltonian in Eq. (1) we expect that M p ∝ N is proportional to the number of bosons N when impurity-boson interactions diverge, g IB → ∞. To understand this, note that the average impurity and boson velocities v imp = v B are equal because impurities and bosons cannot penetrate each other. By relating them to the average impurity and boson momenta p I = M v I and p B = m B v B using Ehrenfest's theorem we see that a finite total momentum
is distributed over all particles and it follows that v I = O(1/N ). Because the average impurity velocity v I = v p coincides with the average polaron
We also note that an explicit proof that M p ∝ N has been given by means of exact Bethe-ansatz calculations in the limit when both impurity-boson and boson-boson interactions diverge, g IB = g BB → ∞, see Ref. [45] .
The MF theory is based on the Bogoliubov approxi- [7] , and all DMC calculations were performed for N = 50 particles. The quasi-1D calculations are computationally more demanding, explaining the increased amount of noise in the data. mation and ignores phonon-phonon interactions. Thus it cannot fully capture the impenetrable nature of impurities and bosons in the limit when g IB = ∞ in Eq. (1). As discussed in Appendix B this leads to an RG flow of the interaction strength which shifts the position of the resonance defined by the divergence of impurity-boson interactions at long wavelengths. MF theory predicts an infinite effective polaron mass at an attractive microscopic interaction strength η c,MF < 0, as indicated in Fig. 3 . When boson-boson interactions are fully taken into account, as in our DMC simulations, such shifts of the impurity-boson resonance cannot occur.
Experimentally [7] , the impurity-boson interaction g IB can be tuned by utilizing a confinement-induced (Feshbach) resonance [4] . When formulating the effective Hamiltonian in Eq. (1), we implicitly assumed that the scattering of an impurity with a boson at low energies is not modified by many-body effects caused by the interactions with the surrounding Bose gas. Similar to the shift of the resonance position predicted by the MF and RG theories, we expect that many-body effects can lead to a shift of the confinement-induced resonance.
In Fig. 5 we also show results from a quasi-1D DMC calculation. It takes into account the finite extent of the trap in radial direction. The prediction for the effective polaron mass is in excellent agreement with our strictly-1D DMC calculations. This suggests that the large discrepancy between theory and experiment in the strong coupling regime cannot be explained by the influence of radially excited states in the trap. Hence we conclude that the relevant physics remains strictly onedimensional. Details of this calculation can be found in Sec. VII A.
Multi-particle bound states and in-medium Feshbach resonance.-For a situation where the polaron momentum p = 0 vanishes, β MF is given by Eq. (18) . This mean-field expression suggests the existence of a transition where β MF → ∞ diverges. It takes places at a critical attractive coupling strength
At this interaction strength the number of phonons in the polaron diverges, see Eq. (17) . This suggests an instability of the system towards a state with a large number of bosons accumulating around the impurity. Such behavior has been associated with multi-particle bound states in higher dimensions [24, 25, 40] . At g MF IB,c the MF polaron energy also diverges and changes sign, see Eq. (24) . This indicates a transition from an attractive polaron with negative energy, to a repulsive polaron with positive energy. In Fig. 6 the MF polaron energy is shown and the MF critical value η c,MF = g MF IB,c /g BB is indicated in the plot. In addition, we calculate the density profile of the bosons in Fig. 7 . When η c,MF is approached from η = 0, as expected, a large number of bosons accumulates around the impu- FIG. 6. The polaron energy calculated from MF theory and using the RG method, for parameters as in the Florence experiment [7] . For comparison, results from our DMC calculations are shown for which we performed extrapolations to the thermodynamic limit N → ∞, see Appendix C for details. Different regimes discussed in the text are indicated in the top row.
In the shaded area the RG approach breaks down because the number of bosons in the polaron cloud diverges. Note that DMC calculations fully include all microscopic terms in the Hamiltonian, in particular boson-boson interactions which lead to a stable solution in the regime where the RG breaks down. Here the true ground state is a correlated state of many interacting bosons accumulating around the impurity. For weak attractive interactions, ηc,RG < η < 0, an attractive polaron exists. On the other hand, for strong attractive interactions, η < ηc,MF, two branches can be realized. The energetically lower branch (energies not calculated) contains multi-particle bound states [24, 25, 57] , while the energetically higher branch corresponds to a repulsive polaron with attractive microscopic interactions. For more details on the phase diagram, see Appendix B and Ref. [40] .
rity. This effect is also observed by our full numerical Monte Carlo calculations.
To understand the physics of this transition, we first analyze the limits g IB → ±∞. Because the MF wavefunction coincides for g IB = +∞ and g IB = −∞, we conclude that the two repulsive polaron branches at strong attraction and repulsion are adiabatically connected. This behavior is reminiscent of the meta-stable super-TonksGirardeau state, which can be realized by a strongly interacting Bose gas (without impurities) when the interactions are quickly changed from strongly repulsive to strongly attractive [58, 59] .
For an impurity inside a non-interacting Bose gas, g BB = 0, the critical value becomes zero, g MF IB,c = 0. In this case, g MF IB,c corresponds to the point where we expect the appearance of an infinite series of multi-particle impurity-boson bound states in 1D, if the impurity mass is infinite. This last condition guarantees that no correlations can be induced between the bosons by scattering off the impurity. Note that such processes are not included in the MF wavefunction, even for finite impurity mass M < ∞. This explains why g MF IB,c = 0 vanishes in the non-interacting Bose gas, independent of M . In contrast, the RG approach presented in Appendix B includes impurity-induced interactions between the phonons. There we show that g RG IB,c = 0 becomes nonzero in the non-interacting Bose gas when the impurity mass is finite.
In the limit of a non-interacting Bose gas, g BB = 0, and for a localized impurity, M = ∞, we note that the 1D scattering length a IB = −1/m B g IB [6] diverges when g IB approaches the critical value g MF IB,c = 0. This effect can be associated with a 1D Feshbach resonance. On the other hand, when the Bose gas is interacting or the impurity becomes mobile, the position of the Feshbach resonance is shifted. It is now located at the bare twoparticle interaction g IB,c . This behavior is reminiscent of the in-medium shift of the Feshbach resonance predicted for Bose polarons in 3D. In this case, too, the Feshbach resonance is associated with the appearance of multi-particle bound states in the spectrum [24, 40] .
In general one should be cautious that the inclusion of quantum fluctuations might change the position of the transition compared to the MF prediction. In some cases, transitions predicted by MF theory even disappear completely. We address this problem in Appendix B, where quantum fluctuations are included using an RG approach. See also Ref. [40] for a detailed discussion.
Logarithmic IR divergence of the polaron energy.-In contrast to the 3D case [24] , expression (24) for the MF polaron energy is fully convergent when the largemomentum cut-off Λ 0 is sent to infinity. It has a logarithmic divergence when the small-momentum cut-off λ is sent to zero however,
(27) This IR divergence can be regularized by including quantum fluctuations using the RG approach presented in Sec. V B.
In our MF calculations of the polaron energy, for example in Fig. 6 , we ignore the log-divergent term g IB /2π dk sinh 2 θ k in Eq. (24) . This step can only be justified a-posteriori, by showing that the general behavior of the MF polaron energy without the log-divergent term closely resembles the fully regularized RG prediction. Alternatively one can argue that the divergence ∼ log λ is only logarithmic in system size L ∼ 1/λ. Hence the correction to the polaron energy from the logdivergent term in Eq. (27) is not expected to be large for a finite system of an experimentally relevant size. As a consequence, our MF prediction for the polaron energy is not expected to be quantitatively accurate.
Orthogonality catastrophe.-In one dimension, the MF theory of Bose polarons has even more noteworthy peculiarities associated with the IR cut-off. First of all, the phonon number in the polaron cloud diverges logarithmically, The boson density around the impurity (at x = 0) is calculated using the MF (dashed) and RG (solid) methods and compared to DMC simulations (dots) for N = 50 bosons. The parameters correspond to the experiment by Catani et al. [7] . RG and MF calculations are based on the beyond-Fröhlich HamiltonianĤBF, which neglects phonon-phonon interactions. Their effect leads to the observable discrepancies in comparison to DMC calculations which fully include the boson-boson interactions. This is directly related to the log-divergence of the MF energy. Depleting the quasi-1D condensate and creating infinitely many phonons costs an interaction energy which scales like ∼ g IB N ph .
The diverging phonon number can also be understood as a manifestation of Anderson's orthogonality catastrophe [60] for a mobile impurity in a 1D Bose gas. Within MF theory, the quasiparticle residue is determined by the simple relation (see e.g. Ref. [11] )
Therefore already an infinitesimally small interaction leads to a vanishing quasiparticle weight Z = 0 in an infinite system. Supersonic polarons.
-The large number of phonons in the 1D polaron cloud also affects the dependence of polaron properties on the total momentum [61] . While there exists a phase transition from the subsonic to the supersonic regime at large momenta in higher dimensions [44] , this transition is absent in 1D. To calculate the critical momentum p MF c where the subsonic to supersonic transition for the impurity takes place, we employ Landau's criterion for superfluidity. It states that the transition takes place when the polaron velocity v p exceeds the speed of sound c in the Bose gas. From the
Here λ is the IR momentum cut-off. We find that polarons are subsonic in 1D, due to the dressing of the impurity with an infinite number of phonons.
B. RG approach
In Appendix B we extend our analysis and include quantum fluctuations on top of the MF solution by applying the non-perturbative RG approach introduced in Refs. [16, 39, 40] . The RG procedure allows us to regularize the IR divergence of the polaron energy identified in Eq. (27) . We use this method to make predictions for the energy shift between an interacting and a free impurity, which can be measured directly using radiofrequency spectroscopy [8, 9] . On the other hand, the RG method provides new insights into the polaron phase diagram. We present a detailed discussion of our RG analysis of 1D Bose polarons in Appendix B.
From the solution of the RG flow equations (see Appendix B) we obtain the fully regularized polaron energy E RG 0 . Explicit calculation in the appendix demonstrates IR divergence of the polaron energy is regularized with this approach. We further benchmark the RG approach by comparing to the DMC calculations and working in the regime of large boson density n 0 . More concretely, we assume that the dimensionless interaction strength γ 1, see Eq. (9), is small. In this regime the Bogoliubov approximation is justified and the effect of phononphonon interactions, included only by DMC, is expected to be weak.
We estimate the importance of non-linear interaction terms between Bogoliubov phonons by the relative size of corrections ∆ε LHY to the ground state energy ε 0 of the homogeneous Bose gas caused by quantum fluctuations [48, 49] . Similar to Lee-Huang-Yang corrections in 3D [62, 63] , one obtains
see e.g. Ref. [6] . In the second expression, γ is the dimensionless interaction strength in the Bose gas, see Eq. (9).
In Fig. 8 we compare our result for the polaron energy to DMC calculations. We used the same mass ratio M/m B = 41/87 as in the experiment by Catani et al. [7] , but the density was chosen to be n 0 |a BB | = 144 (corresponding to n 0 = 6/ξ = 144/|a BB | or γ = 0.014) so We used a value of γ = 0.014 (or n0|aBB| = 144) corresponding to the weakly interacting regime, where Bogoliubov theory is expected to be applicable. Parameters are chosen similarly to those of Florence experiment [7] , except that we are assuming a larger boson density. The DMC results are obtained by 1/N extrapolation to the thermodynamic limit N → ∞, see Appendix C for details.
that the corrections of quantum fluctuation to the energy is ∆ε LHY /ε 0 = 0.05 1. For weak-to-intermediate couplings we obtain excellent agreement between RG and DMC predictions, validating the use of the effective beyond-Fröhlich HamiltonianĤ BF in this regime. For the case of repulsive microscopic interactions, g IB > 0, we obtain sizable deviations in the regime of very strong couplings. Yet the correction by the RG accounts for about half of the deviation between MF and DMC results in this case.
In the case of attractive microscopic interactions g IB < 0, see Fig. 8 (a) , an additional regularization of the polaron energy E 0 (Λ) is required in the RG to deal with divergencies of one of the coupling constants (G − ) during the RG. This procedure is described in detail in Ref. [40] . The agreement for the energy of attractive polarons is reasonable. It should also be noted that the attractive polaron is not expected to be the ground state of the HamiltonianĤ BF based on the Bogoliubov approximation for the Bose gas in this case, as discussed in detail in Appendix B. Instead it has been argued in Ref. [40] that the true ground state contains a large number of bosons accumulating around the impurity. This prediction is consistent with our DMC calculations in this regime.
In Fig. 1 (b) we calculate how the density profile of the bosons is modified by impurity-boson interactions. Again we consider the high-density regime where the Bogoliubov approximation for the Bose gas is justified. In contrast to the energies shown in Fig. 8 , the depletion of the Bose gas is accurately described by the RG approach in this case, even for very large interactions (η = 10 3 in the figure). This serves as another important benchmark for the RG and the use of the effective beyond-Fröhlich HamiltonianĤ BF in the regime where quantum fluctuations in the bath are weak.
In contrast, for the experiment by Catani et al. [7] the correction to the energy due to quantum fluctuations is sizable, ∆ε LHY /ε 0 ≈ −0.30, indicating that Bogoliubov theory is no longer quantitatively accurate. Indeed the predictions for the effective polaron mass in the strong coupling regime differ by a factor of 4, see Fig. 5 . Below, in Fig. 15 , we also compare predictions for the polaron energy in this case and find large quantitative deviations between the two approaches on the repulsive side.
VI. DYNAMICS OF STRONG COUPLING POLARONS
Comparison of the effective polaron mass in Figs. 3 and 5 suggests a good agreement between theory and experiment for weak and intermediate interaction strength. However, in the strong coupling regime the value of the plateau is not reproduced. Here we investigate the measurement method itself, which relies on the analysis of oscillations of impurities subject to a shallow trapping potential. We show that inside a homogeneous gas, both their amplitude and frequency renormalization can be used to measure the effective mass. Surprisingly, no frequency renormalization was observed by Catani et al. [7] , who investigated the reduction of the amplitude instead. We speculate here that this can be caused by the inhomogeneity of the Bose gas. Indeed, its size is below the extent of the largest oscillation amplitudes contributing to the measurement of the effective mass.
A. Time-dependent MF theory
To describe the dynamics of strongly coupled Bose polarons inside a shallow trapping potential, we employ a time-dependent variant of MF theory as in Refs. [24, 44] . We supplement this approach with the local-density approximation (LDA). This allows us to treat the problem in the Lee-Low-Pines frame despite the external potential.
Our variational ansatz corresponds to a product wave function of coherent states,
in the frame which is co-moving with the impurity, see Appendix A. This is achieved by the unitary transformationÛ LLP (P (t)) [55] , where P (t) denotes the timedependent total system momentum. χ(t) denotes an overall phase which guarantees conservation of the total energy. Similar to the MF ground state, this wavefunction ignores quantum fluctuations of phonons induced by the mobile impurity. The position of the impurity X(t) = x can be calculated in the LLP frame by using the Ehrenfest theorem,
where P ph (t) = dk k|α k (t)| 2 is the expectation value of the phonon momentum at time t. The equations of motion for α k (t) can be derived from the Hamiltonian H BF , see Eq. (21), using Dirac's time-dependent variational principle [64] . As discussed in Ref. [24] this yields
We note that the log-divergent term in the MF polaron energy, see Eq. (27), does not enter in the equations of motion (34) . Therefore the time-dependent MF theory is well-behaved in the long-wavelength limit. We note that starting from a free impurity we observe numerically that the phonon number grows logarithmically in time,
This can be understood as a dynamical manifestation of the orthogonality catastrophe in a 1D Bose gas. In the polaron ground state the number of phonons diverges logarithmically even after inclusion of quantum fluctuations by the RG, see Appendix B 0 b. By analogy we expect that the dynamical divergence of the phonon number in time is not an artifact of the MF theory but a physical effect observable also in the presence of quantum fluctuations.
B. Local-density approximation
In the absence of an external force, the total system momentum is conserved, dP (t)/dt = 0. Now we consider the effect of an additional (confinement) potential V (x) on the impurity. In the limit when its changes are small over a length scale set by the size of the polaron wavepacket, we can still treat the system as a homogeneous one. In this LDA, the equation of motion for the total momentum is given by
Potentials from the Florence experiment.-In the following we will consider different potentials, which have all played a role in the experiment by Catani et al. [7] . Firstly, both the impurity and the bosons are trapped inside a shallow parabolic potential,
where m I = M is the impurity mass and Ω I,B are the trapping frequencies. The oscillator lengths in Ref. [7] are I ≈ 11ξ and B ≈ 9ξ respectively, justifying the LDA in this case because the size of the polaron is of the order ξ I,B . In addition, Catani et al. [7] used a tight speciesselective dipole trap (SSDP) to localize the impurities in the beginning. This gives rise to a steeper harmonic trap, V SSDP (x) = M ω 2 I x 2 /2, where ω I = 0.28c/ξ in our units. In this case the oscillator length is ≈ 3.3ξ and the LDA is less justified.
Finally, the impurity energy depends on the density n(x) of the Bose gas. This gives rise to an effective potential which is determined by the interaction strength g IB . Assuming that the impurity can adiabatically follow its ground state at P = 0, we obtain the following polaronic potential,
To calculate β MF (x) we note that the healing length ξ and the speed of sound c both depend on the density n(x), and thus on x. For a weakly interacting quasi-1D condensate in a shallow trap we can apply the ThomasFermi approximation to estimate the boson density,
In Fig. 9 the potentials are shown for parameters as in the experiment by Catani et al. [7] and assuming repulsive impurity-boson interactions. We note that in the strong coupling regime, for η 1, the effective polaronic potential V pol (x) has its minimum at the edge of the Bose gas. In this case we expect that impurities become trapped in this region after they have had enough time to equilibrate with the quasi-1D condensate. Such behavior has indeed been observed in Ref. [7] for η 1.
C. Polaron oscillations: homogeneous Bose gas
We begin by studying the dynamics of an impurity interacting with a homogeneous Bose gas, where the impurity is subject to a shallow trapping potential. Experimentally this situation corresponds to the assumption that Ω B Ω I is small. In this case we can ignore the 9 . The effective potential, including VI(x) (dashed line) and the polaronic part V pol (x), is calculated for parameters as in the experiment by Catani et al. [7] . The size of the Bose gas was on the order of R ≈ 120ξ in Ref. [7] .
polaronic potential in Eq. (38), and we will consider only V I (x) now.
Adiabatic limit.-In the limit where the polaron follows its local ground state adiabatically, it can be described by an effective Hamiltonian
If we start from a wavepacket in the origin, with momentum p 0 , it will undergo harmonic oscillations. Their frequency is renormalized,
due to the enhanced polaron mass. The amplitude of the harmonic oscillations, σ, is easily obtained from energy conservation,
By the same polaronic mass enhancement, this amplitude is also renormalized compared to the case of a free impurity,
Now we will use full dynamical simulations to show that both the frequency and the amplitude renormalization of polaron oscillations can serve as indicators of the effective polaron mass. In the case of a homogeneous Bose gas, Eqs. (41), (42) provide an accurate description of polaron trajectories at weak couplings.
Initial conditions.-We use initial conditions as close as possible to the experimental situation described in Ref. [7] . There the impurities were tightly confined in the species-selective dipole trap, before they were released and their breathing oscillations were recorded. To model this situation, we consider polaron wavepackets localized in the origin x = 0. We assume that the distribution f (p 0 ) of their momenta p 0 = P (0) can be derived from the thermal state of the impurity in the initial, tight trapping potential. Then we perform numerical calculations for different initial system momenta P (0) = p 0 and add up the resulting trajectories with their respective thermal weights.
We also need the initial phonon configuration in the polaron frame. Because the species-selective dipole trap provides a rather deep trapping potential, ω I = 0.28c/ξ, we think it is reasonable to assume that the impurity is initially localized, corresponding to M = ∞. Therefore the phonon cloud at time t = 0 is chosen as the MF solution at M = ∞,
We study the influence of the initial phonon distribution on the long-time behavior in Fig. 10 . We compared cases where the MF solution at finite mass M , infinite mass M = ∞, or the phonon vacuum α k = 0, was chosen initially. In Fig. 10 we show typical polaron trajectories calculated within LDA for moderate interactions. Unless the MF solution at finite M > 0 is chosen as initial state, the polaron loses a substantial part of its momentum at short times (see inset), until its velocity drops below the speed of sound c. This dissipation leads to a reduced oscillation amplitude, which manifests itself in the trajectories even at long times.
Numerical results.-To study polaron oscillations systematically, we simulated the experiment by Catani et al. [7] but assumed a homogeneous Bose gas first. In We used a trapping potential ΩI = 0.025c/ξ as in Ref. [7] , which we treated in LDA. The Bose gas was assumed to be homogeneous in this case and the initial momentum p0 = 3.5M c of all trajectories corresponds to the typical thermal energy kBT = p 2 0 /2M in the experiment by Catani et al. [7] . The impurity-boson interaction was η = 4, and the remaining parameters were chosen as in Ref. [7] . We used a UV cut-off Λ0 = 3/ξ and checked that the results have converged. 11 . Polaron oscillations in a homogeneous Bose gas: We simulate impurity trajectories as expected in a situation similar to the experiment by Catani et al. [7] . To this end we average over wavepackets, which we treat in LDA, with a momentum distribution determined by the temperature kBT ≈ 2c/ξ. The resulting trajectories σ(t) are fitted to Eq. (45). Here we plot the fitting parameters for the frequency ω (a), the amplitude σ (b) and the damping rate γ of the resulting polaron oscillations as a function of the coupling strength. Except for the assumption of a homogeneous Bose gas we used parameters to describe the situation in Ref. [7] . To facilitate the dynamical simulations, we chose a soft UV cut-off This happens almost instantly in the strong coupling regime (e), (f) where η = 27. Parameters are the same as in Fig. 11 .
from an initial momentum P (0) which is characteristic for the temperatures in the experiment. Note that it corresponds to a supersonic impurity with velocitẏ X(0) > c. At long times we observe long-lived but decaying oscillations with polaron velocities which are always below the speed of sound c. We repeated these calculations for different interactions η and averaged over the thermal distribution of initial momenta P (0) corresponding to Ref. [7] . Then the resulting trajectories
where · T corresponds to thermal averaging, were fitted to a function,
In Fig. 11 the fit parameters σ, ω and γ are shown as a function of the interaction strength η. Some of the trajectories from which these plots were derived are plotted in Fig. 12 .
In Fig. 11(a) we compare results for the frequency renormalization with predictions by the adiabatic approximation, see Eq. (41), and obtain excellent agreement. Our findings demonstrate that a frequency measurement of polaron oscillations provides an accurate method to detect the effective polaron mass. In particular, it also works in the strongly interacting regime and shows the saturation of the polaron mass in this case.
In Fig. 11(b) we compare results for the amplitude renormalization to predictions by the adiabatic approximation, see Eq. (42) . The amplitude σ 0 is determined by the temperature of the impurity in this case; It is on the order of σ 0 ≈ Ω −1 I 2k B T /M . Both for weak and strong impurity-boson interactions we find that the amplitude of impurity oscillations is directly related to the effective polaron mass according to the adiabatic expression in Eq. (42) . In the intermediate regime large deviations from this prediction can be observed.
To understand this behavior we take a closer look at the impurity trajectories. In Fig. 12 (b) we observe that, for small interactions, the impurity oscillates back and forth several times at supersonic speeds. It is slowed down continuously until eventually it becomes subsonic. In this regime the amplitude of oscillations is well approximated by the adiabatic expression (42) . At intermediate interactions the impurity quickly loses kinetic energy and becomes subsonic, see Fig. 10 and 12(d) . This dissipative effect goes beyond the adiabatic approximation and explains the strongly enhanced amplitude renormalization found in Fig. 11(b) for this regime. For strong interactions, the impurity velocity drops below the speed of sound almost instantly for all initial velocities, see Fig. 12 (f) . This suggests that the initial impurity momentum is almost reversibly transformed into polaron momentum in this regime. Afterwards the propagation of the heavy polaron can be described by the adiabatic approximation again.
In Fig. 11(c) we present results for the damping rate of polaron oscillations in a harmonic trap. As before, three regimes of weak, intermediate and strong interactions can be identified. In agreement with our previous analysis, the decay is largest for moderate interactions. In this regime the non-adiabatic corrections are maximal: for stronger coupling the impurity can follow the phonon cloud more easily, suppressing non-adiabatic processes. For weaker couplings the probability for a non-adiabatic process where a phonon is emitted is strongly reduced because it scales as η 2 . Relation to the Florence experiment.-In this section we neglect the additional complication arising from an inhomogeneous Bose gas and compare experimental results to the theoretical analysis that assumes uniform boson density. We discuss the role of inhomogeneity in the following section VI D.
Our analysis in Fig. 11 suggests that the oscillation frequency is the most useful observable for measurement of the effective polaron mass. Surprisingly no frequency renormalization has been found by Catani et al. [7] . On the other hand, the amplitude renormalization has been observed and as shown in Fig. 3 its comparison with our different theoretical calculations is excellent at weak couplings. At larger interactions the agreement is not as good, and the deviations are opposite from what we would have expected according to Fig. 11(b) .
From Fig. 11 (c) we read off a typical damping rate γ ≈ 10 −3 c/ξ around η = 1. The breathing frequency ω b , which is twice the oscillation frequency ω, is on the order of ω b = 0.04c/ξ in this regime. Therefore we expect a friction coefficientγ := γ/2ω b , as introduced in Ref. [7] , ofγ ≈ 0.025. This value agrees well with the measured value ofγ = 0.03(2) for this interaction strength. Polaron trajectories σ(t) for an impurity described by the effective polaronic potential in Eq. (38) . Calculations include inhomogeneous density of the Bose gas in a trap and averaging over thermal distribution of the initial momentum of the impurity. We used the same parameters as in Fig. 11 , except that the potential ΩB = 0.0175c/ξ was included. The Thomas-Fermi radius of the quasi-1D condensate in this case is R ≈ 80ξ.
D. Polaron oscillations: inhomogeneous Bose gas
As we discussed above, the experimental observations in Ref. [7] are not consistent with our predictions for polaron oscillations inside a homogeneous Bose gas. Now we discuss possibilities how the inhomogeneity of the Bose gas can affect the oscillations of the impurity.
First we start by including the effective polaronic potential from Eq. (38) in the simulations. Some comments are in order. The use of this potential can only be justified in the limit where the polaron cloud follows the impurity adiabatically. Moreover, the treatment becomes meaningless close to the boundary of the Bose gas. In this regime the boson density is small and the Bogoliubov approximation breaks down. Moreover the Thomas-Fermi approximation is not accurate in this regime. Therefore the following results should be considered as a qualitative guide to understanding experiments rather than accurate quantitative analysis.
The polaron trajectories in the presence of the polaronic trapping potential are shown in Fig. 13 . For weak impurity-boson interactions, the result is similar to the case of a homogeneous Bose gas and we obtain long-lived oscillations, slightly renormalized compared to the free impurity. For larger interactions all trajectories quickly become localized at the boundary of the Bose gas. Similar behavior has been reported in Ref. [7] for long times, although pronounced oscillations have also been seen in that case.
We now discuss that absence of frequency renormalization observed in Ref. [7] in the strongly interacting regime may be a result of inhomogeneous density of bosons. Let us consider an impurity trajectory with an amplitude which exceeds the size of the Bose gas by a sizable amount. Moreover, when the particle is interacting with the bosons, let us apply the adiabatic approximation. We may thus assume that all the initial momentum of the impurity is adiabatically transferred into polaron momentum. Indeed, we have shown for the case of a homogeneous gas that this simple picture explains why the amplitude of polaron oscillations is renormalized by a factor of M/M p for very strong couplings. This argument only relies on the conservation of energy, and therefore it also applies when the impurity exists the region where the Bose gas is confined.
For sufficiently large interactions, Fig. 9 shows that the effective polaronic potential can be steeper than the harmonic confining potential for the impurity. Therefore it is conceivable that the impurity spends more time outside the Bose gas, than inside. In an extreme case it may even be reflected off the boundary. In such a situation the breathing frequency ω b is given by twice the bare trap frequency, ω b = 2Ω I , as observed in Ref. [7] . The oscillation amplitude, on the other hand, is determined by the initial energy of the impurity inside the Bose gas, which can be related to the effective polaron mass.
VII. BEYOND THE BOGOLIUBOV APPROXIMATION
So far we mostly ignored the effects of interactions between phonons. There are at least two good reasons to include them in our discussion and investigate the full Hamiltonian,Ĥ =Ĥ F +Ĥ 2ph +Ĥ ph−ph .
First of all, the experiment by Catani et al. [7] is in a rather strongly interacting regime. The LHY corrections to the ground state energy, see Eq. (31), are on the order of 30% in this case. This indicates that the Bogoliubov approximation may not be justified for describing the experimental observations. Secondly, we are interested in regimes where the impurity-boson coupling becomes dominant. As we have shown, this leads to an accumulation of a large number of phonons (bosons) around the impurity, see e.g. Fig. 7 . Even if the boson interaction strength g BB g IB is negligible compared to the impurity-boson coupling, the interaction energy ∼ g BB n(x) 2 can become comparable to the polaron energy ∼ g IB n(x). This is possible because of the quadratic scaling of the boson's interaction energy with their density n(x) around the impurity. The breakdown of the RG (see Appendix B) also indicates that interactions between the phonons have to be included to prevent the system from becoming unstable to quantum fluctuations.
In this section we explain the DMC method (VII A) which we used for calculating the ground state energy of the full HamiltonianĤ, as well as the effective mass of the impurity. We benchmark this method (in VII B) by discussing the exactly solvable case of an impenetrable impurity inside a weakly interacting Bose gas. This leads us to a final discussion of the experiment by Catani et al. [7] (in VII C), where we focus on the effect of bosonboson interactions.
A. The DMC method for Bose polarons
Monte Carlo methods provide an efficient tool for the evaluation of multidimensional integrals. Expectation values of quantum mechanical operators can be written as integrals over the ground state wave function and can be efficiently evaluated using Monte Carlo techniques. Here we resort to the diffusion Monte Carlo method in order to obtain the ground state properties of the Bose polaron problem. For a general reference on the DMC method, see for example [42] . An important advantage of the non-perturbative DMC method is that it can be applied to arbitrary interaction strength η between the impurity and the surrounding Bose gas. This is true for arbitrary values of the gas parameter γ of the bath, see Eq. (9) .
Another question which can be addressed by performing DMC simulations concerns the dimensionality of the system. Specifically, we study the effect of the transverse confinement potential in the Florence experiment [7] on the energetic and dynamical properties of the system. To this end we consider both the effective 1D Hamiltonian with contact interactions, see Eq. (1), and a full 3D Hamiltonian. The latter takes into account the geometry of the optical lattice potential as well as the threedimensional scattering length. Even though the experimental geometry is rather complicated, with different optical lattice potentials felt by the Rb and K atoms, the DMC method can still be applied.
We focus on two densities, first corresponding to strong interactions in the bath, n 0 |a BB | = 4.56 or γ = 0.44, as in the Florence experiment [7] . The second considered value, n 0 |a BB | = 144, corresponds to γ = 0.014 deep in the Bogoliubov regime. For the first case we consider impurities (Rb) and bath particles (K) of different mass. In the second case we will also consider the limit of an infinitely repulsive pinned impurity, in which Bethe ansatz can be used in order to find the ground state energy of the Bose polaron. This permits us to verify the consistency of the DMC energy with the Bethe ansatz result in this exactly integrable limit. In addition we obtain the correlation functions and the density profile of bosons around the impurity from DMC calculations.
Three-dimensional DMC calculations.-In first quantization the 3D model Hamiltonian is
Here V BB (r) and V IB (r) are the boson-boson and impurity-boson interaction potentials, and ∆ I , ∆ i denote the Laplace operators with respect to the impurity and the boson labeled by i, respectively. The external potentials, V ext B
and V
ext I
, are felt by bosons and the impurity respectively. In the experiment [7] they have been created by two-dimensional lattices forming an array of 1D tubes. We consider the case when a single tube in the array is populated.
The depth of the Rb lattice potential V latt (r) is s = 60 recoils with the lattice wavelength λ = 1064 nm, V B (r) = s 2 /(2m Rb λ 2 ). We have checked that similar result can be obtained by considering a simple harmonic external potential, V osc (r), with the transverse oscillator frequency ω ⊥ /2π = 34(45) kHz for Rb(K) atoms. We ignore the residual shallow trapping along the longitudinal direction in DMC calculations.
The relation of the three-dimensional s-wave scattering length, a 3D , to the one-dimensional one, a 1D , for the tight transverse confinement with oscillator length a osc , is given by Olshanii's formula a 1D = −a 2 osc /a 3D (1 − 1.0326a 3D /a osc ) [4] . In an optical lattice geometry no simple analytical result is known and the corresponding relation is obtained following [65] . In the Florence experiment [7] the boson-boson s-wave scattering length was fixed to a 1D,Rb = −652.2nm and was not changed. The boson-impurity s-wave scattering length, in contrast, is tunable over a wide range by changing the strength of the applied magnetic field.
In our quasi-1D simulations we model the threedimensional interaction potential by hard-spheres, V HS (r) = +∞ when |r| < a HS and V HS (r) = 0 otherwise. The diameter of the hard-sphere potential coincides with its s-wave scattering length and is set to reproduce RbRb (Rb-K) value for the boson-boson (boson-impurity) scattering amplitude. In our simulations we consider a single impurity and impose periodic boundary conditions along the longitudinal direction of the tube.
The statistical fluctuations in Monte Carlo simulation can be greatly reduced by using importance sampling. This is done on the basis of a distribution function which we derive from a trial guiding wave function. Motivated by our physical insights, it is chosen as a product of oneand two-body terms,
The Gaussian one-body terms h I (r) = exp[−(x 2 + y 2 )/2a 
where parameters A and B are chosen such that both f α (r) and its derivative are continuous at the half size of the box, r = L/2. Here α = BB corresponds to bosonboson and α = IB to the case of impurity-boson scattering. The Jastrow terms (48) are obtained as the solutions of the two-body scattering problem on the hard sphere potential. Although the guiding wave function (47) - (48) does not contain any variational parameters, it provides a sufficient quality. One-dimensional DMC calculations.-We also perform calculations for the 1D Hamiltonian from Eq. (1). In this case the guiding wave function can be conveniently written in a pair-product form
We chose the two-body terms as
where α = BB, BI denotes boson-boson (boson-impurity) terms. Parameters A α and B α are chosen in such a way that f α (x) and its first derivative are continuous for |x| > 0 and satisfy Bethe-Peierls boundary condition at the contact, f α (0) = −f α (0)/a α . Here a α denotes the corresponding 1D s-wave scattering length. The shortrange part in Eq. (49), for |x| ≤ R par α , is the two-body scattering solution for a contact δ-function potential. Instead the "phononic" long-range part in Eq. (49), for |x| > R par α , is obtained from the hydrodynamic approach [66] .
The variational parameter R par α corresponds to the crossover distance between the two-body and phononic regimes. It is optimized by minimizing the variational energy, which leads to the variational Monte Carlo (VMC) results presented earlier in this paper. The variation parameter K par BB for large system size coincides with the Luttinger parameter of the bath K. Its dependence on the gas parameter, K(γ), is known from the Bethe ansatz solution to the Lieb-Liniger model [67] . We use the thermodynamic value of parameter K par BB for the bath and optimize parameter K par IB by minimizing the variational energy.
Variational Monte Carlo method.-The variational Monte Carlo method evaluates averages over the trial wave function ψ T . The Metropolis algorithm [68] is used to sample its square, |ψ T | 2 by generating a Markov chain with corresponding probability distribution. The average of the Hamiltonian, E var = ψ T |Ĥ|ψ T / ψ T |ψ T , provides an upper bound to the ground state energy E 0 . It is interesting to compare the value of E var with prediction of MF theory.
Diffusion Monte Carlo method.-The diffusion Monte Carlo method [42] is based on solving the Schrödinger equation in imaginary time. For large times, the contribution to the energy from the excited states is exponentially suppressed, permitting to obtain the exact ground state energy E 0 . The density profile of the polaron can be calculated using the technique of pure estimators [69, 70] . The effective mass of the polaron, M p , is obtained by calculating the diffusion coefficient D of the impurity in the imaginary time τ , D = lim τ →∞ [r I (τ ) − r I (0)] 2 /τ , according to the relation D = 2 /2M p . The variational value for M p is obtained from DMC algorithm without branching, which is an alternative method to the Metropolis algorithm to generate the probability distribution according to |ψ T | 2 .
B. The GPE limit: Dark solitons
A physically important limit is that of an impurity with an infinite mass, M = ∞. It corresponds to two realistic situations: (i) a pinned impurity, (ii) a static potential created by a focused laser beam. Furthermore this limit is interesting as it is allows to obtain physical insights to the effects of phonon-phonon interactions on the polaron cloud.
When the Bogoliubov approximation is justifiedwhich is the case for γ 1 or n 0 |a BB | 1 -we can study this situation using the Gross-Pitaevskii mean-field equation (GPE) [47] :
Here φ(x) = φ (x) describes the boson field in the 1D system, and E B denotes the total energy E B of the combined impurity-boson system. The GPE is valid even for strong impurity-boson interactions and goes beyond perturbative expansions in orders of g IB . This is different from perturbative theories which linearize boson-impurity interactions, which is justified when g IB is small. Because the boson-boson interactions are treated on a mean-field level, the validity of GPE is limited to the Bogoliubov regime n 0 |a BB | 1 (γ 1) as we discuss below. Dark soliton solution.-The repulsive non-linear GPE possesses a famous class of solutions known as gray solitons. These correspond to a depletion in the boson density which maintains its shape while propagating with a constant speed. In the case of zero velocity the density completely vanishes in a single point, and the solution is referred to a a dark soliton. Thus we expect that the effect of a massive impenetrable impurity, with M, g IB → ∞, is to localize a dark soliton in the Bose gas.
The wave function of a dark soliton is given by φ 0 (x) = √ n 0 tanh(x/2ξ) with the corresponding energy
If we take into account that ∆N sol = 2 √ 2n 0 ξ bosons are repelled from the homogeneous Bose gas, we find that the energy E 0 of the impurity in a system with fixed total particle number N and density n 0 is
This energy has the same physical meaning as other polaron energies E 0 which we calculated before.
On the other hand, we can calculate the polaron energy starting from an impurity and using MF theory as described in Sec. V A. In that case we obtain
by sending g IB → ∞ and M → ∞. The obtained expression overestimates the correct energy by the factor of 3/2. The reason is that in our MF theory we ignore the non-linearity in Eq. (50) . By making the Bogoliubov approximation we effectively linearize |φ| 2 φ ≈ n 3/2 0 + 2n 0 δφ(x) + n 0 δφ * (x). Comparison to DMC.-To benchmark our theoretical methods we calculated the energy of an impenetrable, localized impurity for different parameters of the Bose gas. Our comparison in Fig. 14 shows that DMC is in perfect agreement with the exact result in the limit where Bogoliubov theory is valid, n 0 |a BB | [7] . Note that the RG predicts a larger energy than MF theory for weak interactions because for the latter we ignored the logarithmically divergent term Eq. (27) . It is included and properly regularized in the RG. We show DMC and VMC results for N = 50 particles. For DMC also the extrapolated value expected in the thermodynamic limit N → ∞ is shown, see Appendix C for details of our analysis.
In Sec. V B we suggested to use the relative size of LHY corrections to the ground state energy of the Bose gas as an indicator where the Bogoliubov theory can be applied to describe polarons. This leads to the condition that n 0 |a BB | 1 (or γ 1). Although in Fig. 14 we never obtain quantitative agreement of the Bogoliubov approximation with the numerically exact DMC results, we find that the qualitative behavior of the impurity energy E 0 is correctly described in this framework for n 0 |a BB | 1 (or small γ 1). In the opposite limit n 0 |a BB | 1 (or γ 1) in contrast, the Bogoliubov description completely fails. This shows that the LHY corrections provide a reliable measure for the accuracy of the truncated description of the polaron cloud using only the beyond-Fröhlich HamiltonianĤ BF .
C. Comparison to Florence experiment
In Fig. 15 we compare the polaron energy for repulsive interactions g IB > 0 and parameters as in the experiment of Ref. [7] . For weak-to-intermediate impurity-boson interactions, |η| 1, where the Fröhlich model is valid and the density modulation in the Bose gas is small, all theoretical predictions agree with each other. For stronger couplings we observe sizable quantitative differences. Nevertheless, the qualitative behavior of all results going beyond the Fröhlich Hamiltonian is the same. The corrections of the RG to the MF results is pronounced at large couplings, but DMC predicts even smaller polaron energies in this regime.
In Fig. 3 we compared predictions for the effective polaron mass to the experimental results from analyzing polaron oscillations. There we have found large deviations for η 3. Interestingly this is exactly where the strong coupling regime starts and DMC predicts different energies than our RG approach. In this regime the density modulations of the Bose gas around the impurity are expected to become large. As a result, our analysis of polaron oscillations showed that large deviations from the adiabatic result can be expected. We speculate that this may be related to the large difference between theory and experiment at strong couplings in Fig. 3 .
In Ref. [7] it was moreover suggested that η ≈ 15 could also be the point where higher transverse modes are important. Population of such modes would imply that the system can no longer be treated as strictly one-dimensional. However, the argument of Ref. [7] was based on a comparison of the bare energy g IB n 0 with the transverse trapping frequency ω ⊥ ≈ 126/m B a 2 BB . As can be seen from Fig. 15 , the relevant polaron energies are well below ω ⊥ for all interaction strengths. Therefore we conclude that a cross-over into a higher-dimensional regime cannot explain the experimental observations. This supplements our analysis of higher transverse modes in Fig. 6 , where we arrived at the same conclusion.
We conclude by noting that phonon-phonon interactions play an important role for understanding polarons at strong couplings in the experiment by Catani et al. [7] . Not only do two-phonon terms beyond the Fröhlich Hamiltonian become important, but also the non-linear interactions between phonons are required to describe correctly the polaron energy for repulsive interactions. On the attractive side, where g IB < 0, we expect their influence to be even more dramatic, because larger deformations of the Bose gas around the impurity are possible.
VIII. SUMMARY AND OUTLOOK
In this paper we studied theoretically mobile impurities interacting with a 1D Bose gas. We provided general theoretical analysis of such problems and considered a specific experimental system realized in experiments by Catani et al. [7] . We showed that in the weak coupling regime the Fröhlich model provides an accurate description of the system. We extended our analysis to include two-phonon scattering terms, which become important for stronger impurity-boson interactions. Finally we also discussed the effects of boson-boson interactions on the polaron cloud.
Main new results.-The main new theoretical insights of our work are related to how two-phonon terms affect Bose polarons at strong coupling. Simple mean-field does not work in one dimension and needs to be corrected by RG calculations. For sufficiently weak boson-boson interactions we find that qualitative features of the polaron phase diagram remain the same as obtained from meanfield description of polarons in three dimensions [24, 40] .
In particular we find a repulsive polaron branch for repulsive couplings, η > 0, and an attractive polaron branch for sufficiently weak attractive interactions, η 0. In the weakly interacting limit, both branches can be described by the Fröhlich polaron, which has been observed in the Florence experiment [7] . On the other hand, for sufficiently strong attractive interactions, η 0, we expect multi-particle bound states at low energies and a meta-stable repulsive polaron branch at high energies. The latter is adiabatically connected to the polaron at infinitely repulsive microscopic interactions η → ∞.
The enhanced role of quantum fluctuations in 1D manifests itself in the logartihmic divergence (with system size) of the MF polaron energy. In Appendix B we generalized the RG approach from Ref. [40] to one dimension. We showed that the resulting polaron energy is regularized in the RG approach and converges to finite value when the system size is increased. Furthermore we showed that RG analysis can be used to study other properties of 1D Bose polarons, incudling the effective mass and impurity boson correlations. We compared these predictions to our numerically exact DMC calculations and found good agreement for a weakly interacting Bose gas in the Bogoliubov regime. We concluded that for a full quantitative description of Bose polarons at strong couplings, phonon-phonon interactions always need to be included. In addition we identified regimes in the phase diagram where the full microscopic Hamiltonian is required for reaching even a qualitative understanding of the polaron properties (Fig. 2) .
Analysis of the experiment by Catani et al. [7] .-Original analysis of the experiments showed a disagreement between theoretical results and experimentally measured effective mass already for weak impurity-boson interaction. We explained that this disagreement results from the high energy modes with k ∼ 1/ξ that were not included properly in earlier analysis. We showed that both analytical RG and numerical DMC methods give results in good agreement with experiments when the high energy modes are included more accurately.
Theoretical methods based on the Bogoliubov approximation predict a saturation of the polaron mass at a finite value of the impurity-boson interaction strength. Although qualitatively this behavior has been observed in the experiment, large quantitative deviations from our theoretical calculations are found in this regime, where effects beyond the Bogoliubov approximation are expected to play a role. We performed full numerical simulations of the polaron trajectories in a harmonic trapping potential and argued that the disagreement between theory and experiment could be related to the inhomogeneity of the Bose gas.
By performing DMC simulations for two different Hamiltonians: (i) strictly one-dimensional, see Eq. (1), (ii) three-dimensional, see Eq. (46), with strong transverse confinement, we found no significant differences for the dynamic and static properties, even in the regime of strong interactions. This means that the use of a strictly one-dimensional Hamiltonian is justified.
Closer inspection of different theoretical models revealed that in the strong coupling regime phonon-phonon interactions need to be included if one wants to do accurate comparison to experiments. In contrast to Bose polarons in three dimensions [8, 9] , the relative size of quantum fluctuation corrections to the ground state energy of the Bose gas was sizable in Ref. [7] . We showed here for 1D systems that this is a suitable indicator for the applicability of the Bogoliubov approximation for describing Bose polarons. We conclude that a detailed quantitative analysis of the experiment by Catani et al. [7] at strong couplings is extremely challenging. We showed that it requires full inclusion of two-phonon termsĤ 2ph as well as phononphonon interactionsĤ ph−ph , both going beyond the Fröhlich Hamiltonian that has been used previously to analyze the experiment [7, 36] . Moreover, from full dynamical simulations of this problem we found indicators that the inhomogeneity of the Bose gas needs to be taken into account as well. We expect that numerical DMRG or TEBD [71, 72] calculations could shed new light on this problem in the future. Our analysis moreover ignored effects of finite temperatures, which can also contribute to the observed differences between theory and experiment.
Possible future experiments.-Here we performed full dynamical simulations of polaron trajectories inside a shallow trapping potential. We showed by using a timedependent MF ansatz combined with the local-density approximation that polaron oscillations inside a homogeneous trap provide a powerful means for measuring the effective polaron mass. When the Bose gas can be assumed to be homogeneous, the frequency renormalization provides accurate results. We suggest to use speciesselective optical traps in the future to perform such measurements, in a regime where the Bose gas is as large as possible to avoid effects of the inhomogeneous density profile.
The energy provides another important quantity to characterize Bose polarons. It can be obtained directly from the impurity's radio-frequency spectrum, which has been measured in 3D [8, 9] . We suggest to repeat these experiments in 1D systems, possibly even in the timedomain [73] . It would be particularly interesting to study quenches from strong repulsive to strong attractive interactions and show the existence of a repulsive polaron branch for attractive microscopic interactions g IB < 0 in one dimension. Using the same notation and following the derivation of Ref. [40] we obtain an effective Hamiltoniañ
A few explanations are in order. First of all, note that the impurity operatorsx andp have been eliminated by applying the Lee-Low-Pines transformation [55] and considering a polaron with vanishing total momentum. The polaron energy E 0 (Λ), starting at E MF 0 for Λ = Λ 0 , decreases until it reaches the ground state energy of the polaron for Λ → 0. The effective phonon frequency in the frame co-moving with the impurity is given by
where M(Λ) denotes the renormalized mass of the impurity. Note that M(Λ → 0) ≈ M p can be used as an approximation for the effective polaron mass [39] . The last term in the first line of Eq. (B1) describes phonon-phonon interactions induced by the mobile impurity, where the operatorsΓ k are defined
Note that the MF amplitude is flowing in the RG,
The second line in Eq. (B1) is an alternative formulation of the two-phonon scattering termsĤ 2ph in Eq. (8), with coupling constants G ± (Λ) running in the RG. We introduced the following pairs of conjugate operators,
describing particle number and phase fluctuations of the Bose gas. The initial conditions for the coupling constants flowing in the RG are given by
In one dimension the RG flow equations read [40] ,
and the RG flow of β(Λ) is described by
The ground state energy can be determined from
In three dimensions [40] all coupling constants converge when the cut-off Λ → 0. In that case the RG flows stop when the dispersion relation ω k becomes linear for Λ ≈ 1/ξ. Except for G − , this is also true in one dimension. Here the coupling constant G − always flows to the weak coupling fixed-point in the IR limit,
To see this, note that we obtain a divergent RG flow
b. Regularization of the IR log-divergence
The MF polaron energy E MF 0 from Eq. (24) diverges when the IR cut-off λ is sent to zero. The reason for this divergence is the unphysical assumption of MF theory that the coupling constant g IB is unmodified by quantum fluctuations. Now we show that the RG flow of G − to the universal weak coupling fixed point G − = 0, see Eq. (B12), leads to a regularized polaron energy.
We assume an IR cut-off λ, where the RG flow is stopped. As discussed around Eq. (27) the MF energy E MF 0 (λ) has a contribution
which diverges logarithmically when λ → 0. From the RG we can calculate the polaron energy E RG 0 (λ) by solving Eq. (B11) for Λ flowing from Λ 0 to λ, i.e. E RG 0 (λ) = E 0 (Λ = λ). From the terms in the second line of Eq. (B11) we obtain a contribution
Integrating this equation yields
(B15) From the explicit solution of the RG flow of G −1 − (Λ) we obtain the exact expression
from which it follows that G − (λ) = O(1/λ). I.e. G − approaches the weak coupling fixed point G − = 0 with a power-law in λ. Because log(λ)/λ → 0 for λ → 0, the last term in Eq. (B15) is irrelevant in the IR limit. Finally, combining Eqs. (B13), (B15) and using
(B17) I.e. the two log-divergent terms cancel exactly and the polaron energy obtained from the RG is fully convergent when the IR cut-off λ → 0 becomes small.
Before moving on, a comment is in order about the number of phonons in the polaron cloud, which according to MF theory diverges logarithmically with the IR cutoff. In Sec.V A we argued that this is directly connected to the log-divergence of the MF polaron energy. Now we have proven that the coupling constant g IB gives rise to two different couplings G ± flowing in the RG, where the renormalization of G − to zero at low energies regularizes the polaron energy.
We emphasize that the number of phonons in the polaron cloud is still diverging as λ → 0, as can be readily checked from analyzing the IR behavior of the renormalized MF amplitudes in Eq. (B3). As a consequence we expect that the quasiparticle weight Z = 0 for λ → 0 also within the RG formalism. Therefore we conclude that the orthogonality catastrophe [60] also exists for mobile impurities interacting with 1D quantum gases. As a direct way of detecting this effect for ultracold atoms, Ramsey interferometry can be used as suggested in Ref. [73] .
c. Polaron phase diagram
Now we analyze the RG flows of the coupling constants more closely and derive the polaron phase diagram. We work in a regime where phonon-phonon interactionsĤ ph−ph can be neglected. We will show that the phase diagram shares all qualitative features with the 3D case discussed in Ref. [40] .
Static impurity in a non-interacting Bose gas.-Let us start by considering the exactly solvable case of an infinitely heavy impurity, M = ∞, localized in the origin. Furthermore we assume that the bosons are noninteracting. For repulsive impurity-boson interactions, g IB > 0, the ground state corresponds to a wave function where all bosons populate the same single-particle state, forming a repulsive polaron. For arbitrarily weak attraction, g IB < 0, a bound state ψ b (x) of bosons to the impurity always exists in one dimension. In this regime the spectrum is unbounded, because ψ b (x) can be occupied by any integer number of bosons. Note that the MF and RG theories provide a description of the polaron state at finite energy, where no bosons are bound to the impurity [40] . The polaron is meta-stable on the attractive side because it can decay and form a molecule.
In the RG theory the existence of a bound state is indicated by a divergence of the effective interaction strength during the RG flow, G ± (Λ) → ∞. For the case without boson-boson interactions described above it holds G + (Λ) = G − (Λ). As shown in Eq. (B12), G − → 0 + always flows to the repulsive weak coupling fixed point. Because the RG flow starts at G ± (Λ 0 ) = g IB /4π, there always exists a divergence G − (Λ c ) → ∞ at some intermediate Λ c on the attractive side g IB < 0. As explained in detail in Ref. [40] this is a direct manifestation for the bound state existing at low energies in this regime.
When the mass of the impurity is slowly decreased, we expect the bound states to remain stable because their energy spacings are sizable. Note however that the finite mass of the impurity introduces correlations between the bosons and requires us to solve a full many-body problem.
Stable repulsive polarons.-Now we extend our discussion to finite mass M < ∞ and non-vanishing bosonboson interactions g BB > 0. The RG flows of G ± (Λ), which differ in this case, are shown in Fig. 16 . On the repulsive side, g IB > 0, the only qualitative change is that G + (0) > 0 saturates at a finite value in the IR limit. In this regime the ground state is a repulsive polaron. In Fig. 7 we show the density profile of the Bose gas around the impurity, and indeed the impurity repels bosons in this regime. For very strong repulsive interactions, the quasi-1D Bose gas is completely depleted around the impurity, reminiscent of the bubble polarons predicted in this regime in Ref. [74] or, equivalently, a dark soliton as described in Sec. VII B.
Attractive polarons.-As discussed above, G − diverges during the RG flow for arbitrary attractive interactions. On the other hand, the flow of the coupling constant G + (Λ) stops in the IR limit due to finite g BB > 0. 
as a consequence of the renormalized mass M ≥ M . In Fig. 16 the attractive polaron regime, where 0 > η > η c,RG = g In the regime between ηc,RG < η < ηc,MF the RG breaks down. We used parameters as in the experiment by Catani et al. [7] .
g BB = 0 the interactions are always repulsive, G ± (0) > 0, in the long-wavelength limit Λ → 0. The effect manifests in the relation g RG IB,c = g MF IB,c = 0 for g BB = 0. In view of this conclusion, the agreement between attractive polaron energies in Fig. 8 (a) is remarkable, because it suggests that indeed a meta-stable polaronic eigenstate exists which has negative energy E 0 < 0.
The divergence of G − during the RG in the attractive polaron regime suggests that there exists a mode bound to the impurity at energies below the polaron. In Ref. [40] this effect is discussed in detail and it is shown that the polaron becomes dynamically unstable in this case. Because only G − is negative, while G + remains positive, the spectrum ofĤ BF is continuous and unbounded in the attractive polaron regime [40] . In our DMC calculations we fully included phonon-phonon interactions, which are expected to stabilize the attractive polaron [40] . Indeed we find a nodeless state at energies corresponding to the attractive polaron, see Fig. 8 (a) .
Break-down of the RG.-We find that the number of phonons increases dramatically when g IB approaches g 
the RG breaks down because the MF amplitude diverges at a finite value of Λ, β(Λ) → ∞. This is a result of quantum fluctuations of the mobile impurity, because for M = ∞ it holds g RG IB,c = g MF IB,c . Unlike for G ± (Λ), the divergence of β cannot be regularized. As discussion further in Ref. [40] phonon-phonon interactions are required to stop the divergence of the MF amplitude.
Metastable repulsive polarons.-When g IB < g MF IB,c both coupling constants G ± (Λ) diverge during the RG flow, see Fig. 16 . While they both start out attractive at high energies, they become repulsive in the long-wavelength limit. Therefore the polaron energy E 0 > 0 is positive in this regime, corresponding to a repulsive polaron, see Fig. 6 . The repulsive polaron branch is adiabatically connected to the polaronic states realized for repulsive microscopic interactions, similar to the physics of the superTonks-Girardeau metastable state [58, 59] .
The accumulation of bosons around the impurity is an indicator for molecule formation at g IB < g MF IB,c . Already for g IB g RG IB,c we find pronounced oscillations in the impurity-boson correlation function, which decay with the distance from the impurity. Indeed, when both coupling constants G ± (Λ) diverge during the RG, the appearance of a bound state with a discrete energy is expected [24, 40] . This state is adiabatically connected to the molecular bound state discussed above at M = ∞ and g BB = 0. In the spectral function it is expected to give rise to a series of peaks separated by the bound state energy [24] .
The possibility to decay into molecular states leads to a finite life-time of repulsive polarons when g IB < 0, a well-known phenomenon close to a Feshbach resonance in three dimensions [8, 9, 23, 24] . This makes a direct calculation of the polaron energy using DMC difficult, because the polaron is no longer the ground state.
To observe repulsive polarons at g IB < 0 experimentally, we suggest to study quenches from the strongly repulsive side g IB = +∞ to −∞ where the microscopic interactions are attractive. This approach has successfully been used to realize the super-Tonks-Girardeau regime of an interacting 1D gas, see Refs. [58, 59] . We expect that the finite life-time of the repulsive polaron at g IB < 0 should be observable, for example by using Ramsey interferometry between two spin states which interact differently with the bosons.
Comparison to the experiment.-In Fig. 3 we plotted the critical values η c,RG and η c,MF corresponding to the parameters in Ref. [7] . For weakly attractive interactions, 0 > η η c,RG , the measured values for the effective mass are in good agreement with predictions for an attractive polaron. Around η c,RG the qualitative behavior of the data changes. The range of parameters η c,MF < η < η c,RG where the RG breaks down and we expect a polaron cloud with many phonons is too narrow to draw any conclusions from the comparison. The MF and RG theories discussed in the main text predict system properties in the thermodynamic limit of the bath. Instead, quantum Monte Carlo (QMC) simulations are carried out for a finite-size system in a box with periodic boundary conditions. Thus, for making a comparison between different theories it is preferable first to do the extrapolation of the QMC results to the thermodynamic limit. Between two considered densities, corresponding to the Florence experiment [7] and to deep Bogoliubov regime, the latter is expected to have the strongest finite-size effects and we analyze it here.
It is instructive first to study how the energy of the bath depends on the system size in the absence of the impurity. The energy of a single-component Bose gas with δ-pseudopotential interaction can be exactly found using Bethe ansatz approach [48] . Figure 17 shows how the difference of the total energy of the bath and its thermodynamic value E(N ) − E(N = ∞) depends on the number of particles N . Even if the convergence in the energy per particle E(N )/N has a fast 1/N 2 dependence for large system sizes, in the total energy the asymptotic dependence is weaker, as can be seen from the 1/N fit in Fig. 17 . It should be noted, that the polaron energy is obtained from the total energy E(N ), which diverges linearly with number of particles N . This imposes severe requirements for the numerical accuracy goal, especially when large system sizes are used.
For the same high density, n 0 |a BB | = 144, we now add a finite interaction with the impurity. We consider the extreme case of η = ∞, corresponding to the strongest interaction. The resulting energy scaling obtained from QMC calculations is reported in Fig. 18 . By comparison with the non-interacting case of η = 0 shown in Fig. 17 one can see that the effect is greatly enhanced by a finite interaction with the impurity, as can be perceived by contrasting the scales of the vertical axis. At the same time, the asymptotic 1/N convergence law is clearly seen.
The polaron energy which we report in the thermodynamic limit in the main part of the paper is obtained from DMC by adjusting a 1/N fit to system sizes N = 50, 100, 150, 200, 250.
